In this paper we presented a method for determining the distribution of circumferential (S e ), longitudinal (S z ), and radial (S r ) stress and of strain-energy density (W) in canine aortic segments under physiological loading. Aortic segments from 13 dogs were studied in vitro. Intraluminal pressure and longitudinal force were varied over ranges of 25 to 200 cm H 2 O and 0 to 100 g, respectively, and the external radius and the segment length were measured at each step. A nonlinear theory of large deformation of the aortic tissue based on the assumptions of incompressibility and curvilinear orthotropy was applied to the data. The 3, 7, or 12 constitutive constants of the theory were calculated without using the usual thin-wall assumption. These constants were then used to calculate the distribution of stresses and of W. The results indicated that (1) S $ , S z , S r , and W were largest in magnitude at the endothelial surface and decreased toward the adventitial surface, (2) the decrease was most marked in the inner third of the vessel wall, (3) in general Sg> S Z~> W > S r , and (4) at a given longitudinal stretch an increase in intraluminal pressure increased Se, S z , \S r \, and W, with the effect being most marked on S B .
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• The distribution of stresses and of strain-energy density through the wall thickness of a blood vessel under physiological conditions influences the mechanical behavior of the vascular system. An understanding of tissue failure requires information about the magnitude of the maximum values of stresses and strain energy. It is also important to have an estimate of the values of the stresses at the locations where the vasa vasorum enters the wall thickness of the aorta. A recent report by Fry (1) points to the possibility that the distribution of strain-energy density influences the flux of lipoprotein macromolecules into the wall: an understanding of this phenomenon appears to be central to the unraveling of the pathogenesis of atherosclerosis. Although estimates of the distribution of circumferential and radial stress have been reported previously (2) , no publication to date has reported the distributions of longitudinal stress and strain-energy density. This work was supported in part by Grant GK-23747 from the National Science Foundation and U. S. Public Health Service Grant 1 R01 HL 15270 from the National Heart and Lung Institute.
Received January 16, 1973. Accepted for publication March 19, 1973. Therefore in the present paper, we presented a complete method for determining the distribution of circumferential, longitudinal, and radial stress and of strain-energy density through the thickness of the aortic wall under physiological loading. In two recent publications (3, 4) , we developed a nonlinear theory of large elastic deformations of the aortic tissue; we considered the tissue to b e incompressible and curvilinearly orthotropic. Furthermore, we applied the theory to data from 31 dogs. In the present publication, we removed the restriction imposed by the assumption of uniformity of the state of stress through the wall thickness (the so-called thin-wall assumption) and recomputed the constitutive parameters for the aortic tissue.
Theory
In the following development of our theory, we will assume that a short (about 8 cm) segment of the canine middle descending thoracic aorta is a circular cylindrical tube of uniform thickness and that the aortic tissue is homogeneous, incompressible (5), elastic, and cylindrically orthotropic (6) .
It can be proved that the strain-energy density function (W) for a curvilinearly orthotropic material must be of the form components of the Green-St. Venant strain tensor in the polar cylindrical coordinate system natural to the curvilinear orthotropy of the tissue. The GreenSt. Venant strain tensor is one measure of the deformation of the body from the unstrained state. For an aortic segment under physiological loading, i.e., under loading consisting solely of internal pressure and longitudinal force, it has been shown experimentally (6) that the shear-strain components d, e, and / can be taken to be zero and that W can be expressed as
The components a, b, and c are then the principal strains, and
where Ae, X J; and X r are the stretches (extension ratios) in the circumferential, longitudinal, and radial directions, respectively. If R o , U, and h 0 are the midwall radius, the segment length, and the wall thickness, respectively, in the undeformed configuration and R, I, and h are the corresponding dimensions in the deformed configuration, then Xe, X-, and X r at the midwall are
where the subscript m denotes the value of the appropriate quantity at the middle of the wall.
Since the aortic tissue is incompressible (5),
The strain c can consequently be expressed in terms of a and b, and the strain-energy density can be expressed as a function of a and b only. Thus,
If W in Eq. 10 is further assumed to be of a polynomial form, then the second, third, and fourth degree polynomial forms of W are 
Eqs. 14 and 15 are the stress-strain relations for the aortic tissue under physiological loading. If W is given by Eq. 11 or 12, then the corresponding stress-strain relations can be obtained from Eqs. 14 and 15 by setting appropriate constitutive constants equal to zero. Eqs. 14 and 15 can be used to compute the stresses if the strains a and b and the constitutive constants A-L are known, or they can be used to compute the constants if the stresses and the strains are known for at least six states of strain for the 12-constant theory, four states of strain for the 7-constant theory, and two states of strain for the 3-constant theory.
In the latter application, namely that of computing the constitutive constants, the assumption of uniform distribution of stresses and strains in the artery is very convenient. With this assumption, the internal pressure p, the longitudinal force F, the midwall radius R, and the length I, can be measured at a sufficient number of states of strain. By subsequently measuring the dimensions Ro, 'o, and h 0 in the undeformed configuration, the midwall 
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strains in the artery can be computed using Eqs. 3 and 4. These strains can then be considered to be uniform through the thickness. Also, the stress differences, assumed to be constant through the thickness, can be computed using the formulas 
These equations follow from simple equilibrium considerations. Since the stress differences and the strains are now known, the constitutive constants can be evaluated by solving the set of equations obtained by using Eqs. 14 and 15 for each state of strain for which experimental values for stresses and strains are available. Such an approach was used in our previous publication (4) . In the present paper, we computed the constitutive constants without resorting to the assumption of uniformity of stresses through the thickness of the arterial wall.
Consider the equilibrium of a semicircular cylindrical arc of the aortic segment with internal radius r and external radius r + dr. Let the internal curved surface be acted on by an inward radial stress S r , the external curved surface by an outward radial stress S r + dS r , and the cut surfaces by tensile circumferential stress Se. By writing down the equilibrium equation of all the forces projected in the direction normal to the diametral plane, it can be seen that dS r =(Sg-S r ) (dr/r).
(18) From Eq. 18, by integration between appropriate limits, it can be seen that
and -r J R -
ft/2
We have assumed that the external pressure is zero and that the internal pressure p is directed outward. Equilibrium in the longitudinal direction requires that
where F is the total longitudinal force. where F is the longitudinal force over and above that due to the action of the internal pressure on the capped ends of the segment.
In the preceding discussion, we have assumed that the body forces are zero and that r is the radial coordinate of a generic particle in the deformed configuration.
Now, if a m and b m are the values of a and b at r = R, then it is reasonable to assume that
and, from the preservation of the volume of tissue contained in the annular region between r = R and r = r, it can be shown that the circumferential strain a at any point is From the known values of these constants, it is possible to calculate, for any chosen state of strain, W using Eq. 13, S r using Eq. 19, S s using Eq. 15, and Se using Eq. 14. Since a and b at any point can be calculated from their values at r = R, the distribution of stresses and of W through the thickness can be determined.
We carried out this procedure on in vitro data from 13 dogs, which had been reported on in a previous publication (4).
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Methods
Thirteen mongrel dogs (average weight 26.3 kg) were studied under sodium pentobarbital anesthesia. The middle descending thoracic aorta was exposed, and a relatively uniform segment, approximately 8 cm in length, was marked. The segment ends were tied to two grooved plastic cylindrical plugs which were introduced into the vessel lumen. The segment was then removed and stripped of its surrounding tissues up to the adventitia.
The experimental procedure consisted of first removing the effects of hysteresis by subjecting the vessel segment to two cycles of inflation and deflation over a 
The midwall radius R was then calculated by subtracting h/2 from the measured external radius. The constitutive constants were subsequently calculated. First, the midwall circumferential and longitudinal stretches (\e) m , and (X 2 ),,,, respectively, were calculated using Eqs. 6 and 7, and the corresponding Green-St. Venant strains a m and b m were computed for a given combination of pressure and weight using Eqs. 3 and 4. The thickness was divided into 50 equal intervals, and the local Green-St. Venant strains a and h at the 51 nodal points were computed using Eqs. 23 and 24. The corresponding local values of stress differences Se -S r and Sj. -S r were computed from Eqs. 14 and 15 in terms of the unknown constitutive constants A-L. The integral in Eq. 19 was expressed as a sum of 12 integrals, each being a coefficient of an unknown constitutive constant. Each of these 12 integrals was evaluated numerically, using the trapezoidal rule, for each value of r, thus expressing S r at the boundary of each interval in terms of unknown constitutive constants. The total longitudinal force, an experimentally known quantity, was then expressed in terms of unknown constants A-L by numerically evaluating the definite integral in Eq. 21 in a similar manner. Finally, the internal pressure p, another experimentally known quantity, was expressed in terms of unknowns A-L, using numerical integration of the integral in Eq. 20. Thus, for each experimental data point, two simultaneous equations in the 12 constitutive constants were obtained. For the 40 experimental points an overdetermined system of 80 simultaneous equations was obtained for each segment. Thirty-two pairs of equations were solved by the method of least squares, and a set of 12 constitutive constants was obtained for each segment. The procedure was repeated for the 7-constant and the 3-constant theories also.
Once the constants were determined, the distribution of stresses S e , S., and S r through the thickness was determined using Eqs. 14, 15, and 19.
The experiments covered an average range in kg from 1.20 to 1.80 and in X^ from 1.18 to 1.59.
Results and Discussion
The average values ( ± S E ) of the constitutive constants for the 3-, 7-, and 12-constant theories are shown in Table 1 . It is important to point out that the values of various constants in this table differ from the corresponding constants reported in Table  1 of a previous study (4), although they are based on the same experimental data, because the values reported in the earlier paper (4) were based on the assumption of uniformity of the state of stress through the wall thickness. In the present study this restriction was removed.
To test the goodness of fit of the theories to the original data, the internal pressure p and the total longitudinal force F were computed using the obtained constants and Eqs. 13, 14, and 19-21. The computed values were plotted as ordinates vs. the experimental values as abscissas. Ideally, in each case a straight line with unit slope, zero intercept on the y-axis, and unit correlation coefficient would result. The average values for the correlation coefficient, slope, and intercept obtained using a least-squares regression formula are given in Table  2 . Also given in Table 2 are the values of the average absolute percent error obtained as the average of the absolute values of the differences between the computed and the measured values of p and F as percents of the measured values. All three theories showed values of correlation coefficients very close to unity. For the 3-constant theory the slopes of the lines for p and F were too low by approximately 17 and 12%, respectively. These figures approximately represent the average errors that would be expected in the prediction of the circumferential and the longitudinal incremental elastic moduli, respectively. The average absolute percent errors in prediction of p and F by the 3-constant theory were 11.3 and 9.6%, respectively. These errors are high, but for many qualitative considerations such errors might be acceptable. For the 7-constant theory the picture improved greatly. The slopes of the lines for p and F were within 1% of unity, and the average absolute percent errors were 5.3 and 3.2%, respectively. These errors are certainly acceptable in most applications, especially in view of the inherent difficulties in obtaining data in biological tissues and the consequent uncertainties. The slopes for the 12-constant theory deteriorated a bit, but the average absolute percent errors dropped slightly and appeared to have been brought down to approximately those inherent in the data. Since the 12-constant theory did not have a significant advantage over the 7-constant theory and since the latter had a definite superiority over the 3-constant theory, we used only the 7-constant theory in the following analysis. Using Eqs. 12, 14, 15, and 19 and the constitutive constants from the 7-constant theory, we computed the distribution of the circumferential, longitudinal, and radial stresses S«, S r , and S r , respectively, and the strain-energy density W across the normalized wall thickness. 2 at the lumen to 0.90x10" dynes/cm 2 at the adventitial surface with a value of 1.32 X 10 6 dynes/cm 2 at midwall, representing a variation of S s from 163% to 68% of the midwall value. The corresponding ranges of variations for Ss were 166% to 67% for p = 100 cm H 2 O and 158% to 69% for p = 150 cm H 2 O. (3) For p = 125 cm H 2 O, the longitudinal stress S z varied from 1.11 X 10 6 dynes/cm 2 at the endothelial surface to 0.88 X 10" dynes/cm 2 at the adventitial surface, the midwall value being 0.95 X 10° dynes/cm 2 . This range represents a variation of S z from 117% to 93% of the midwall value. The corresponding ranges for p = 100 and p -150 cm H 2 O were 110% to 96% and 127% to 90%, respectively. (4) The radial stress S r was of course compressive and varied from a value equal to the negative of the internal pressure at the inside to zero at the outside, the midwall values being 36-38% of the value at the endothelial surface. (5) The strain-energy density W varied from 0.54 X 10 6 dynes/cm 2 at the endothelial surface to 0.22 X 10 a dynes/cm 2 at the adventitial surface for p -125 cm FLO, representing a variation in W of 168% to 69$ of the midwall value. The corresponding ranges for p = 100 cm H 2 O and p = 150 cm H 2 O were 161% to 73% and 171% to 67%, respectively. Table 3 shows the relative effects of changes in intravascular pressure on the values of stresses and of strain-energy density at the endothelial surface, normalizing all values with respect to the values at p -100 cm H 2 O. S z and S r were affected essentially proportionally to the increase in intravascular pressure, but Se and W increased far more. Table 3 also shows that R/h at the three intravascular pressures ranged from 10.5 to 14.6 yet the stress distributions were highly nonlinear. Thus, the usual statement that the thin-wall theory can be used when R/h> 10 does not imply uniform stress distribution. However, for considerations involving integrated properties, e.g., overall distensibility of the wall, evaluation of approximate incremental moduli and other constitutive properties, and propagation of pulse waves in blood vessels, the thin-wall assumption is reasonable.
Comparison between Measured and Computed Values of Pressure and IjOngitudinal Force from In Vitro Experiments on 13 Dogs
It should be pointed out that the variation in stresses was essentially due to the fact that the circumferential strain varied across the thickness. This effect was substantiated by using the constitutive constants based on the assumption of a uniform stress distribution, computing the stress distribution with these constants, and properly accounting for variation in the circumferential strain. The maximum errors in stresses were approximately 5% of the values based on the correct constitutive constants obtained using the nonuniform distribution of stresses.
Simon et al. (2) have estimated variations of Se, S r , and W across the thickness. Their estimates for Se and S r are essentially correct, although based on a different theoretical approach. Their estimates of W are correct only to within an additive constant, since their constitutive equation was based on keeping the longitudinal stretch constant. For the same reason, their work does not give a distribution 
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of S 2 through the wall thickness. In the present work, a unified theory incorporating simultaneous, independent, continuous variations in \$ and X 2 was used along with similar experiments. Thus, over and above computing distributions of Se and S r , we were also able to give distributions of W (free from the limitation of determinations to within an additive constant) and S z . Note that even though X 2 was constant through the thickness, S z varied because X« varied through the wall thickness.
This entire paper is based on the assumption of homogeneity of arterial tissue. This assumption, of course, is not true-especially in the radial direction. However, the lack of homogeneity does not minimize the importance of the knowledge of stress distribution presented in this paper. Such distributions represent average values of the actual stress distributions that might exist in the arterial tissue and form the basis of departure for subsequent more accurate determinations based on more detailed knowledge of local properties which should in turn prove useful in any study of transport of macromolecules into the blood vessel wall. 
